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rBSTIJV.T
Following Flugge's exact derivation for the buckling of cylindrical

r| shells, the equations of motion for dynamic loading of cylindrical shells

subjected to hydrostatic and axial pressure have been formulated.

I Tile equations of iotion are applicable for long, short, or thick

shells, and are very useful in calculating deflections and stresses when

tile impdact loads are applied to comparaLively smal regions of the shell.

The normal mode theory WdS utilized to provide dynamic solutions for the

equatioiis of rotion.

I Solutions are also provided for tile Tir..oshenko-type theory, and

comparisons ar! made between tile two theories by considering and neglect-

ing in-plane inertia forces.

Lomparison of results is exemplified by a numerical example whic,

considers tile effect of hydrostatic pressure oil the dynanic response of

a shell simply supported by a thin diaphragm and subjected to a localized

unit radial impulse.
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IPACT LOADING OF SUB14ARINE HULLS

Introduction

The purpose of this investigation is to determine the effect of

impact loads on submarine hulls. For ductile materials current design

methods utilize static loads for design with a performance criterion

that the hull behave in a ductile minner when subjected to an impact

load that may occur during ground collision or depth charges. Since

glass, considered as a possible w.terial for design has brittle properties

the present design practices must be re-evaluated. Hence, more rigorous

analyses must be made to determine the dynamic stress and deformation

characteristics of glass hulls subjected to impact loads, and deep hydro-

static pressures. The present investigation will consider only the

response of the shell. The coupled response of the shell and ring

frames will be considered in a future investigation.

The model to be investigateu will essentially be a cylindrical

shell under deep hydrostatic and axial pressure, and subjected to an

impact load.

Following Flugge's exact derivation for the buckling of cylindrical

shells, the equations of motion are formulated. The equations are

applicable for long, short or thick shells, and are very useful in

calculating deflections and stresses when the impact loads are applied to

comparatively small regions of the shell. The normal mode theory is

utilized to provide dynamic solutions for the equations of motion.
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Solutions are also provided for the Timosienko-type theory, and

uwlrisons are nide bei-in the two tMeories by considering and

wgliLLing in-plaie inertia forces.

Lquatiors of :hotio

Follwing Flugge's [1] exact derivation for the buckling of cylindri-

-.A sowlls, the differential equaTions of notion for inpact loading of

'rsyliedrical shells under hydrostatic pressure become:

2 2 *h 2 vu2

a~i' +a -'x pa(u- - u) -Pu" a Px =Ji' a 2

awi ad' - aQ - pa(v' +w) - Pv" + a2  = c.ha 2  (2)

-aQ' a-I. - aii- pa(u' - v" + W")-) -" + a 2p

= ha2 ,l' (3)

*iere

Wi +. III

Q= a x; (4)a

if' + 1r

Qx - Xa Ix (5)

S (V + V1 + ,u') + 7 (w + W') (6)
-. 0' d

; "= (.j' + ,v" + 'A,) - L ,,(;
- a,

+ 2I + a" - j " (u,( ' + 4 (8)

X a 2 7,---

________________________________________1
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1)1-v Kv1

"x = (u" + v) + I (v' - w") (9)

K1#= K- w+W'+vm (10)

-x : (w"n + vw- - u' - v') (
K= -7 (1- +v)(w' - v') (12)

K
lxo 57 (1 - v)(w' " - v') (13)

Substitution of equations (4) through (13) into equations (1) through

(3) yields:

UPI-Q + u'" +I+Tv vie + vW' + k vi u'" - +
px t)a2 -_ ha2  2u

- ql(u'" - w') - q2u" + X = O (14)

1~ 1 , -v" 3 3-v
+ u + V'" + v + w" + k( (1 v 3 - - w"')

P (x, t)a2  pha2  2v- q(v- q2v" + D = Da (15)

vu' + v" + w + k . u - u"' - Vv" + w"

+ 2w"'" + w:: + 2w- + w) + ql(u' - v + w-)
Pr(x, t)a2 -pha 2 a2w

+q 2w" D D =at (16)

where

ql = J

=Pq2 D

ayo



t, 4

Equations (14) through (16) may be written:

LI5 +i 2u" + 2 2'

+Px, t) a2 = phi2 U (17)1+ DD ' (17

2 + Q4(v" + w) + lV" - (3 - v)wu"

+p #(x, t)a 2  pa2 a2v

+ 2 = =1 (18)

a u + u4v " + (2k + 1 + k - u" - uNO

- v v" + w"+ 2w"- + w-- + fk-- + 11

+ ( - 5)w" - Pr(x t)a ha2 -,w (19)

where

1 = ~"-- (1 + 3k) -q 2

2 (1 +k)"q

a3 = (v + ql)

(14 = 1 -q

S1- q2

Orthogonality and Modal Vibrations

For free vibrations, equations (1) through (3) become

all + al - pa(u" - w') - Pu" = pha2  (20)
x O

,2 j02V
all' + all' - aQ - pa(v'" + w') - Pv" = pha2  V (21)

X4' T
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-aQ' - aQ - all - a(o' V' +" V) - " id? I- (22)

Lquktiotms (Ze) uirougii (12) yield the free vibration fn-iuencies and

mode shapes. The orthogonality condition is derived by assuming that the

displaceitents u, v, and w have the for

u=Un( x , ) 0 V=V(x, 4) e 23n

u ~i --W(.¢e t  (23)

Finuing tle ortiogonality condition involves the following steps:

(1) the nti terms of expressions (23) are inserted into equations (20)

through (22), and the resulting equations are muiltiplied by um(x), vm(x)

and w m(x), respectively, integrated over tile domain, and added; (2) tile

mth terms of expressions (23) are inserted into equations (20) through

(22), and tie resulting equations are multiplied by un(x). vn(X), and

11n(x), respectively, integrated over the domain, and added; (3) tile two

equdtios resulting from Step 2 are subtracted from those resulting from

Step 1; they are integrated by parts, and use is made of equations (4)

through (13) to obtain the final orthogonality relation. The orthogonality

condition may be written as follows:
rL

- ~) Ph(UnUm + vnv + w wm ) dx=

I) M n Un m IIIm

au av
Un(iIxI + Pwm " P -)+v,(Ik 1 -m a " J.

- (Qx +P -M) + an

-r %j(xni Ix xm ax
a u aH

--U(itx,+PWn P axU-' n) _ V (Nx. n p )
-uO a1 x in X0 a ax

+ W' (Q +p --) -H x I'-, =0 . (24)
P) xn x xn x
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where the natural boundary conditions for the fixed, simply supported and

free condition are given as:

Fixed at x = 0, ;.

u v = 0 (25)

Hinge at x =, ;

U =V W w ,

C = (26)
x

Simply Supported

at x =O,

w= 0

H =0
x H

U+ pw- P -- 0 (27)

Free at x = 0,

I1 = 0x

Q+ P x -w= 0

X CdX

II_i X,.p

x'; a x

+ pw - P -L =0 (28)

The differential equations (17) - (19) may be solved by assumding

u = I x/a cosO,1i) eiut

v = be x/a sin(me) ei ~t  (29)

w = Ce xx/a cos(ii¢) e iWt

t



Inserting equation (29) into equations (17) - (19) yields equation (30).

22 Z2 1l+v 1- .2 3
.+(Pisa I. ,IN.) 3-"--) '-) PA-I- A'

I I1 1+1 2 2 2 3v 2
-- jf)r +C! X1 +(Pha W r-)U Nsink( Ap

I +11.Ii1,? .t ,
x ~.-l( -7- :lA o4n-k( 4)1.2  -(2klf 4 M + Ic C

+k[(A 2-M12 +l

" ~2 ZmD
-pha Lo4/ I

(30)

The characteristic equation. is found by setting the determinant of

equation (30) equal to zero. To determine the eigenvalues, w2, the

following metiod is utilized: A value of ,2 is guessed and inserted into

tie c;aracteristic equation. The characteristic equation will yield

eight roots. For unequal roots, equations (29) may be written as follows:

8 ix/a . 8 Ai xl'
u = t 1i (cos me 1 "), v= . Bie (sin me )

i=l i=I
(31)

8 i x/a i 'A
w= Cie (cos mf)e

i=I

where for each A. there exists a relationship between the amplitudes

Ai Bi and Ci from the determinant of equation (30).

Equations (31) with the necessary boundary conditions will lead to a

determinant ai . t A plot is then made of the determinant laij i versus
z ie2, 2

, he. eigenvalues, w , are those for which Iaii = 0. At a point, w

when laij = 0, the ratio of the amplitudes Ai, Bi and Ci can be calculated

from the determinant of uquation (3u).



For inpact loads, local ix-ndisig action Will predominate, and Lne

"riuicipal ;Me of rtespoiisc will Ie in te racial dinc.io,. ikhgiectiri

itier,.d forc,'s in t, longitudiiial aid circwnfemantial direcLions,

e lUatio~i (3!,) r;--duc,s io equation ( .)

13 3
-J b . 4r ( )(- 7-)-' . I

'-K )m +1(2

-"- t-3"'  -12k+I-l ) z i  i

(I22 41!c 2 I
,~ 3L vjf -* - jl'( ).' -2+-[( r 2m)+1 ](32) i

2M

Solutions for Forced Vibrations

Equations (17) chroughi (19) na, be solved by assuming

U u n (x, :) qn(t)

v = v (x, ) qn(t) (33)n=O

= I w(x, ) qn (t)
n=(

Substituting the above equations into equations (17) troujh (19), dft('

utilizing the orthogonality conditiow (24) yields the following:

J 0 0 [Px(X .)Un+P (xoA)vn+Pr(x,,,)Wn][sin j n(t-\)d?] dx d.."
(n (t) : 2

W O ph(u + v + w2 ) dx do
n JO JO n n n

(34)

'1



For dip iIWpCL luadi,,g dS sho', in Figun- 1. equation (34) becows

,(' *. :)/a :4 . rti )/a i ioLPx(X'11A)Un+P (X'.'1 Vn+Pr(X.'r )Wn ] s i n  c - ) d x :

U J CAINu2 + Vn+ w n) dx d,(5
~ (35)

For d coitcentrated irIpact loading, equation (-P4) becomes

lir.-(.+:)/ K+.: rt

( IV
4jI[p,(x. 0. l)un + x I)

+ I)r(X, €. i)w] sin w,(t - ) d' dx d(36)

2 2 2
'm 0  J+ h(u+V + I) dx d#

P
x

x = X

I)"

Pr
I~r = 77

SolutLion for Ipiiulse

Corsiuar an impulse per unit area, i x(x, ). i (x, *) and i r(x, )

acting on ble cylinder for an infinitely siort time.. The cylinder may

now be considered to be vibrating freely with tiie follo.irkj inidial

cC.,ui ti otis:

At t U

U V = v 0 (37)



Figure 1-a

%41

Figure 1-b

Cylindrical Shell Subjecteu to Dynamic and Hydrostatic Lodding
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(X,- (X )

ir(x,

S. _ir(x'. )

:,t Ah

The displacem-nts for free viirations are given as

u= u (it cos ,mt + i sin wmt)

v = 0 Cos Lmt + B sin 1 t) (39)
m=U

V1=7 wp(A. cos wmt + In sin mt)

Substituting the initial conditions (37) and (38) into equation (39)

and rial.ing use of ortnogonality yields the following

u pl si tn m
m=O(

v = .v b I t (40)
m=U

W = r) sin wmtri m r)

where

- 2 r1,o (ixU + i'v + ir) (Ix d
1 Jol _ OIn (41

ri r2 T r) 2 2 2 ( 1

I HUliIn +( V I v w ) dx d4

Fur a distrilw ed impulse, as shown ini Figure. 1, equation (41) becopies



VI

- [iU iv + ir ] dx d.!' b 1 - )/az,.-, (412)
n Iz 2 + V2 + 2 )(dx d,

For a concentrated impulse, equation (41) becomes

li r(tI+k1)/a +U -.

l"O ( iUm + iovm + i wm] dx d
, 91 (43)

I I r2" r _ 2 2m

n wr( ph(u 2'2 ) dx dtn 0 J 0 " " m M

I

I '

I
r

r 4 f 1 2

Solutions for m = 0

For n = 0, equations (1) through (3) and (14) through (Ib) degenerate

to the following equations:

allx + paw' - Pu" + a px = pha 2  = (44)

al' - aQ - Pv" + a = pha 2 -- (45)

-aQ' - all - pau' - Pw" + a 2  2 (46)x Pr =pa(6

1u + U3 ' - k"' +(p a2  pha 2 t'u (47)

2 pha2 2v

(A u + kau - = - ((48))- -

+ (praY/;) - pha 2 ')2w) D 7t" (49)
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Solutions for cquations (47) and (49) can' be determi.ind froi t,.'

solijtioii giv:n for utisymetrical loading. For m = 0, equation (30)

bmoriles

,+ a ,0 - 3 AI
I

0  0B 0 (50)

- k'3  0 k + (l 5)X I C
I 3 PI

Pha 2 2)
+ k + 1 a T o

D nol

or

" + l "g2  - g 3 =U (51)

where

g = [C5(l '5 ) + [(pia"J + 23)]I/k(a5 - k)
2 (1 ,,)pha 2,, 2

2 [2 -,(l + ,- ( - (P)(T )]/k(a 5 - k)

oha'2w' (pha2W2 k I-(a k)

93 =I 5

Equations (47) tnrough (49) are now uncoupled and may he solved

independently.

The solutioi for equation (48) is as follows:

For free vibrations

V = Al cos tp7F a A2 sin p/o L (52)

The ortnogonali ty conditions are

G)2 2)  T v v dx v - Vm
5 r) 1 dx T 0

Thu forced vibration solution becom6-s



- hi
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- r

V r g (X. E) v sit, :.(t d,~ c dx
U !tj It(53)

n &hvn dx

Tw ormagfality conditions from equation (24) become

(U z z '4. (%% + y , ) d

*'no + pME - P -- Qxm + P ;I

-O

OM ZX-n 1x ;" 0= 0 (54)

Tr. dynamic solutions from equations (33) aied (34) are

u (x) q(t)

* . (55)
u on (x) qonlt

n=l

iwre"

i Px(x. \)Uno + Pr(x, )Uno]Sfln on(t- ") d. dx

' + w2 ) dxno Jo no no

hl.gral of tUe Square of Eigenfunctions

The ioteijral of tie square of tue eigenfunctions is evaluated front

eqUaLio,, (24) by a limiting process. For any prescribed boundary condition,

tne eVlua;ion uf te integral may be detemined as follows:

U



pi ix +v 1 Wx + w,'(x] dx

= un (-l/12, 1 U u1 (I.' + p)W - I

+ vC. &--M p..fE) - W + ri)
I I X;. a Ix 11 xM X xr. A

-u (14 + -w p v YI4 - X -fl

+w(x. + J1) -i 1 -n' (56)
P1 Xii X XII %

11Iu.;trdtiVe- Lxdmple for Cylinder Supported by Thini Diiap' ray

For a cylinder supported by a ti~in diaphragm the follot.iiig dis:'lace-

5d'nt J i~fy tae iwtural boundary conditions as derived fromit~

d= U cos ri, COS
gin

v 1 I sin rie sin -x.(~7

nx
L L*dCOS I1k S Ifn-7

To d~jiwrpmiiie the natural frequencies anid mode shapes t,,( dt terninant

for t(Y frequency eqjuation beCOICIeS



11+

1+*1+
I IE

r nr

2 +

VIII4 J ~ ( I

( V~4 ~.I =) 4i 2) (CO

-il~t n

u ~ cos r.(csl n )( (t)

wipin
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q1t 0[px(x,. *;mCos 1111 Cos n~

+ 1) (X,. )V sin rao sin x

+ p.AXq #9 1in Cos P1l sin 2 Zx.

sin w.1 (t- x) dAdx do

A~i r' CO~fi CO nix

+ V2 S1HP~4 s2!n

Co 4sin -71) (X 0,;PIl

The ratio of the miode shiape coefficients are

-i nn- -LD + BE

PITll (60)

(,,, ) - 12x + Phil 2

C 2 Tr 'i'm3
31+

It1f It- ,i ) + pimla' 2
4 1nr. 1)WOmn

L 3 nwa 2

For mi Q

S(t) I I Ep (X, "), ,O)u Cos + pr(X, ~ Sl

sill ( nt- 0' d,~ d x dU
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For n f U

rZ,9 ftt

qnr t;J" ) -O J. [Px(X , o ur. . c

+ p4(x, e, ')Vm sin ni sill -x

+ pr(X, A)1 cos ,4 sinn4xj
r Mi

sin Wr.,(t - A) dx dx ,
x - , (6Z

M!i z ran I'll I'll

Solutionis for nadial Irmpact

i. Unit Step Loadedo Distributed over Finite Area (Ze1  ZE 2)

U = Si-)[1 s

x CO w] n os 'E) t)
no

8 C cos !!i.Usin sin Dc s 11L

v i n-l IP - -

sin sin s fC(. t) 

= Csi M sin n n l (-co

n ~IW la + T Z  ( + l

n 1no- no

[ os sin l.; sin sin

x cos m sin (1 - coswnMt) (63)

nfl l + rim +I)nm nm

1 - CS no
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.oncentrated Uit Step Load

Q nix1 Cos . s ,

U i Cos -sno

__ B +" [cos- isin a-, I sin.)
n=l 17 nm -

r"ha n o w(0J s+. n--(i!! (1 - ; CO w
2 o 1 a

,--z Co s sin .) o NC

w ~ nm -a.-'+ +

x1 s~f in-.x) (1- COS m "rmt'!

c. UJit Ii.ul su

Solutions for a unit impulse can he found by differentiating with

respect to time the solutions for a unit step function. A tyvpical

x [Cos

displacement relationiship for a concentrated unit impulse is as follows:

Q2 + jr cos sin I j sin .i

, =I m=l + nm + k a t Jr

x cos n fos ,,x(l t' (64)

sinm

n 'Io- "z
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Fio 1 10 ,Tno d d

= ] ( Sill wlit ! t

rttd

-Cos t rimmt

: sw no i tt ) - 1
F M~t = Ii I i o %0

F1 (sin w mt - sin w t tdCO)w)
1nm~t = -t nnrm (  d) .= O mt

rimq d wn

t t d
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e. itectangular Pulha! Lodding ;wi i, Suddenly Appliedi Value of Viii ty

.nd .jurauim, EL

Lxpressins for u, v, and wi are identical to those corresponding to

a triangular loading withm rie exception thaz F no(t) and F (t) be

(kWfined as follous:

F (E) = - (1 - cos w t)
lio no n

F M(t) 1 (- Cos t) ttd

(67)

F,1o(t) = 4 COS ,o(t- td)- cos wnot}

FIIr(t) = wx4 {cos w i1 (t - td) - cos wnlt} t > t d
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Equations of Ilotio, for Tirislienke Tiory

Equations ( 1 ) tlrough ( 3 ) can be reduced to those presented py

Timsieiko and Gere by assuming the following conditions:

a. The circunferential strain c. , C and y are equal to zero

in calculation of X and Xx¢. I

b. Il,4brdne forces are not .ffected by bending stresses, nor

vending wnoents by mribrane stresses.

iissdriptions (a) did (b) yield ,ix d and ;i = ix. Assuming

=(v + w)/.; u', u" 0, and - -- (u" + v')/a = 0, equatioms

(1) through (3) become:

td' + ad' + pa(v" + w') + = pha2  (6 )

aW + ax¢' - A -- Pv" + pa 2  (69)
,}d 2 W

-aQ - aQ.' + all - pa(w'" + U) - Pw" - a*Pr phaL 77 (70)

The neribrae forces aaiu wom1ents from equations (h) through (13) becomev

= (v" + w + vU')

SaU

,= : (u' + vv + V.)

i x= T- (---)(u" + v')

= l - (---)(u" + v')

=a (-v + w + Vw")

, i (w" + v' - vv')
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;, = (1- v).r"(11)'
(71)

., = (1 ) -v')

SUI)StitULiOII of clLa~iCIs (71) into equations (68) - (70) yields the

ful lowifg:

Ulf 4 (L +)T u- + vW' + ql(v" + V)

22

+ _ pha 2 ,U (72)

2-u'" + v- + (2- -)v" + W - k[w"" + w"']

+ I.[(1 - v)vqZv" - + = (73)

vu' + v" + w + k[w"'+ 2w"'" + w"". - kv*"+ (2 - v)v"']

a2pr .pha2  )2W

+ q2w" + ql (%'" + w) - Tr -L-a- (74)
D (74)

Equations (72) - (74) may be written

u + + - U'" + V ' + a2 x pha 22 1- - =7a)

1 +v
--T -- ,- + 33v'" + 00v'  + w" - k(v'w"" + w"')

+ _ pha2  2V (76)

vu' + V + 0 w + 1(("" + 2w"" +w. - k[v'" + (2 - v)v"]

wia2Pr -ha2 a2l,

+ q2w' + q=t' " = (77)

wheru

+ +
2
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(1 - v) (k + -q 2 8

2v 22 'f2r 4

+ qli
2

pha 2 
78

2 4w 22

+2 pha2 2
Dqin Dn

2 2 T



2;

uata for Illustrative Ex le for Unit Radial Impulse

n = 1.2 inches a = 60 inches P, = 24 incnes

-= 12 incines f=l = 2 inches C2 = 2 inches

= 0 radianis =0.33333 n = I - 30 m = 0 - 29

Pc(Flugge) 5033.855 psi Pc(Tiroshenko) 5071" -3 psi
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Vz~rale.ers: n/Ia 0.01 t/La = 0. Z

ifol; WXIL.: 13 Iz

!ac-aaadirig ituidI Ih4wnia .J1!9lccii-J liai Irkertii

rif f f fi

A 7.0J4 SJL.3 6W%7.Zi- 519.7 11;

-. l. 1023~9.74; 6103.23 404.91

3iXJ.- 3 . 7Zh b794-921 40(L. bg

117.03 39b.b4 07%. 1 i 32..74

0.3:di . S 30.t! b791.1 v; 32.46

-- -- - -
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1. IAI U F 1IYORMTiSIIL 1PiL3SSU(L 0,;1 Fk.LQUL:1ILL III BU~rLLft IKIL

'idLLeria1: s~eel

Pa.rOC~ers: li/i-a 0.01 t/2a =0.2

[ 1rJ ;U(I: n I , 1.1 = 9

bli.1iii1 Pmrssurc: zJ/1l.793

Tinoslieno' s Theory

iiCl1Udiiig /%Aid] illertia iieglecting Atxial Inertia

11/1) f - ) f fi

0 ~17. U5 3937.01 61307.29 519.82

C- t~u,.41 39J33.98J 6807.90 464.94

0.4 A0O. - 3930.95 58~.2 402.65

0.6 32 7. 0,- 3927.92 b809.14 328.76

0.,; 31.1-4 3924.90 6W09.73' 232.47

1.0------- -
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iAJLL II I
LFFUJ, OF IYiJKUSTYuIL PI:LSSURL til FR'EQULUCALS I-" 1'UiA1LI;; AWL

IKiterial: steel

Pdrapiiters: h/Za = 0.1 t2

biuck I ng ; ide: I, 1, 1.1

i~aac.1inq Pressure, P( b8;P11.4;)

Fl ugge's Thecory

Including A~xial Inertid Iftegiecting itxid1 lnurLia

0 1119.93 6634.11 12765.31 997.21

t- 796.O0,, bbl3.39 l2750.8i3 891.93
0.4 bU,9.b1 u393.bl 12736.34 772.44

0.6 5b3.Ub 6573.27 12721.33 630.b9
0.8 39a.19 6bb52.8t, 12707.32 445.97

1.0------- 
-
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ltl IV

liu "ore~sure, P' 0.5.

Onsen~l -Theor'

u ;46. oz btAL"3.81I 181.b9g 995. 6z
79 3. 1 bb23.57 12,ft.o7 890.42

0. b.Li,b.9j Lotu.3q 2834b 771.13
(J.o 500.96 6bu2-3. 12 12%'01.03 629.i,3
U.;. 396. 71 1jb)22..89 1240b.bj 44!).21

--1.-- - -
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TA;LL V

-LU.J'KISIUti UF FLQUEICILS Flk VjA'.IUUS iRJL SilIP :

Flugje's ihcory

Paramters: ih/Za = 0.01 "/za 0.2

;= 1

P/PI = P/i = 0.5

f 2 f3  f I f f i

0 s7Z.4o Z579. bi 4471.ti8 537.79 2572.29 4467.77

1 !)6. ZZ 2b01. 7b 450:.18 529.15 2594.27 09)3.. 9,

z 54:).75 2bb0.71 4615.37 505.12 2658.64 4biO..1

3 519.2,l. 277U.30 4731(.65 470.b5t8 27b1.32 4783.66

4 492.44 2901.31 5021.12 431.69 289/. 20 5015.51)

5 471.53 3072.05 5304.90 394.b7 3061.23 5'98.''4

S 41.46 3bI . I 5032.13 365.24 3248..5 !),24.92

7').25 3470.9t, 5995.59 348. 42 3456.57 5987.48

,8 3.95. 3t)9 .87 b389.04 347.99 3680.8,8) 6'3 7 9.9

9 0/.,4 3936. 823 8;07. Z4 30b.62 3919.1:, 0797.20

10 j3.17 'i ). 7 7245.(9 400.8 419.22 7234.8

L
-,7j ~ ~ t44.~ A.r >
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TIALL VI

kU4t'lul'.Jl4 'Jr 4 I{LqUUEILS FUI'. MI]OUS itI '.,Ii/%PLS

Hiugge's lheory

PdrdrLu-lrs: Ji/Za = 0.01 t/Za 0. Z

n 3

P/PC = 0 P/Pc = 0.5

f I ff3 I f 2 f3

0 '1:99.,'6 773.74 13404.75 1807.77 771b.aSb 13392.1b

1 19U2.1i //45.7b 13416.8Z 1810.44 7723.81 13404.20

L 19iO.b69 77b.78 13452.99 1818.46 7744.b5 13440.26

19&":.u4 7M01.bb 13513.04 1831.89 7779.26 13500.14

4 945., 70-50. 1b 1359b.b7 1850.85 7827.42 135813.54

, 1911.,1 191Z..b 13703.44 1875.4b 7888.90 13690.02

, ,;Ui3.b0 79;7.35 13'32.83 1905.85 7963.35 13819.04

7 2042.11 075.1b 13934.19 1942.21 8050.42 13969.98

, ,1().!:1.,89 U) 15.4 14i5. U 1984.09 8149.08 14142.14

9 z 13,;.13 82;7.1h 14349.96 2033.47 82tb0.(07 14334.7b

10 219b.92 8410.40 14562.79 2081.67 8382.92 14547.01
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T;idLL VII

V ~uoii'Ai3St1. t ii:L(QUILfII.S Flin VOiIOUS ;AJ;JL Si APiUS

Fiugge's "Cicon.,

Pureters: 11/2a = U.01 /2= 0.2

PI/e = 0 PIPc = 0.:

,I l f2 f3 fI f2 f3

0 509i.(3 12897.91 22339.84 4993.41 12Ib1.43 223181.;'2

I :j094.85 12902. 0 22347.08 5)OO.5b 18;5.b9 2232b.04

5104.51 12914.67 22368.80 5011.04 12 ;78.05 22347.70

3 518,.bl 1293!.00 22404.95 5026.8;4 12J43.0 ZL3,a3.7:)

,4 ,,143.1o 12%I4.4 22455.4i 504H.97 12927.79 22434.1?

5112.1b 13002.34 22520.24 5077.44 12964.97 22498.72

-5207.2 1304 A-.0 22599.lu 5112.26 13010.27 22577.42

7 5249.5b 13101.79 22692.08 5153.44 13063.59 22670.07

!)291.97 lJi3.bb 227981.32 5200.99 13124.,4 22776.52

9 132.81 , 13233.21 22919.20 5254.96 13193.90 2l896.:;6

10 544.29 1JJ1IJ.b2 23052.99 5315.34 13270.6, 23029.97
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"1/A,LL Viii

I.FtLLIi" F itYu JU5;.flt PI.JSSL 'L Uil FUIIU/III:-. i-;~lUjL:lcY

I',,r.iiawro: iI/Zd = 0.01 t/2a = O.2 P = Oi3.85S

'/P i C 1, n f

0 1, b 461.4b

0.2 1, - 42;.42

0.4 1, 7 374.72

O.b 1, 8 313.82

0. 1, 1 230.72

U.9b 1, 9 115.b3

0.911, 1, 9 73.13

i.00 1, 9 0.00
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F "pJLE IX

--- LFFLCT OF iIYinOSTTIC PIRESSUP UN HItiMLi ILQUEICILS

•o F1 ugge' s Theory.

Paramters: ui/Za = 0.01 z/Za = 0.2

m= 10

P/Pc = 0 P/pc = 0.5

nflI f2 f3 flI f2 f 3

1 53.17 413B.57 7245.89 400.58 4169.22 7234.85

2 1196.5b 6123.37 10597.00 1077.53 6100.93 10584.18

3 2195.92 84,10.40 14562.79 2088.b7 8382.92 14547.01

4 3600.27 10830.29 18756.15 3498.39 10796.81 1;736.819

5 5414.29 13310.62 23052.99 5315.33 13270.66 23029.91

,U
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Conclusions

Large hydrostatic pressures and small variations of impact area

greatly affect the dynamic response of deep submersible hulls s.jected

to a localized impact loading.

For free vibrations deep hydrostatic pressures reduce the lower

frequencies substantially while the higher frequencies are not appre-

ciably affected. Hydrostatic pressures in the neighborhood of 50 percent

of the buckling pressure can reduce the fundamental frequencies by 30

percent, while the higher frequencies, especially the second and third

frequencies of the n, m mode will have no appreciable change.

Comparison of frequencies with the Flugge and Timoshenko theories

show good agreement as illustrated in Tables I and II.

For forced vibrations as illustrated by a localized unit impulse,

the following conclusions can be made:

a. Deep hydrostatic pressures have predominantly large effects on

longitudinal displacements and strains. Consequently the longi-

tudinal stresses, csx , will be more sensitive to change while the

circumferential strains and stresses will increase moderately.

b. Shearing stresses experience moderate increases and are very small

in magnitude.

c. Radial displacements and response times will have considerable

increases as shown in Figure 3.

d. Small changes in the area of loading have tremendous influence on

displacements and stresses as shown in Table XIV.

!*
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e. Comparison of theories indicates the following:

(1) The greatest discrepancy occurs in longitudinal displacements

and strains.

(2) Within the area of impact, stresses, radial and circumferen-

tial displacements have good agreement, while those outside

the area of impact can have large discrepancies.

(3) A good estimate of stresses, radIal and circumferential dis-

placements within the area of impact can be found by neglecting

in-plane inertias.
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